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Abstract. This study employs first-principles calculations and cluster 

expansion to explore new stable phases of Ta-doped LLZO (Li5La3Zr2-

xTaxO12) to enhance the conductivity of the tetragonal structure. Monte Carlo 

simulations further analyze the temperature-dependent behavior of these 

phases under the canonical ensemble and determine phase transition of 
mixed systems.  The structures were selected by identifying those with the 

lowest energy at various compositions from the cluster expansion, where the 

low cross-validation score (CVS < 5 meV) guarantees the predicted energies 

are highly accurate and physically meaningful, allowing for a reliable 
assessment of thermodynamic stability. The structures were selected by 

identifying those with the lowest energy at various compositions from the 

cluster expansion. The cluster expansion reveals 28 miscible multi-

component structures, all thermodynamically stable with negative formation 
enthalpies. Monte Carlo results indicate no phase separation, with optimal 

mixing at ~900 K. These findings suggest Ta doping improves structural 

stability without compromising miscibility, offering potential pathways for 

higher ionic conductivity. 

1 Introduction 

The rapid advancement of new energy technologies has driven increasing demand for 

lithium-ion batteries that combine high energy density with exceptional safety. Solid-state 

lithium-ion batteries (SSLIBs) have emerged as particularly promising candidates for next-

generation energy storage, offering potential applications in mobile electronics and electric 

vehicles while addressing safety concerns associated with conventional liquid electrolytes 

[1-3]. Among solid-state electrolytes (SSEs), oxide-garnet structured LiLa3Zr2O12 (LLZO) 

has attracted significant attention due to its remarkable ionic conductivity (~10⁻³ S cm⁻¹), 

excellent electrochemical stability with lithium metal, and superior safety characteristics 

[4,5]. However, the room-temperature stabilization of LLZO in its highly conductive cubic 

phase remains challenging, as the material naturally crystallizes into a less conductive 

tetragonal (t-LLZO) phase under ambient conditions. Doping strategies have proven effective 
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in modifying LLZO's phase stability and ionic conductivity. Supervalent cation substitution, 

particularly at the Zr-site, has demonstrated significant potential for stabilizing the tetragonal 

phase while enhancing ionic conductivity through controlled lithium vacancy creation [6-9]. 

For instance, Al³⁺ and Ga³⁺ doping at Li sites has been shown to stabilize the cubic phase and 

improve conductivity [10-12], with optimal Al doping concentrations (0.2-0.24 mol) yielding 

particularly promising results [13,14]. However, Zr-site doping offers distinct advantages, as 

the (0, 0, 0) Wyckoff position and fully ordered Li sites provide a more straightforward 

framework for systematic modification. Ta⁵⁺ doping at Zr⁴⁺ sites have emerged as a 

particularly promising approach, as it not only stabilizes the tetragonal structure but also 

activates previously inaccessible Li⁺ conduction pathways [15]. 

Despite these advances, significant challenges remain in understanding the high-

temperature phase behaviour of doped LLZO and optimizing its ionic conductivity at room 

temperature. Traditional materials development approaches often involve time-consuming 

trial-and-error processes [16], highlighting the need for more efficient predictive methods. 

Cluster expansion techniques, particularly when combined with first-principles calculations, 

offer a powerful alternative by enabling systematic exploration of configurational space and 

accurate prediction of material properties [17]. The MedeA-Universal Cluster Expansion 

(UNCLE) code implements this approach through genetic algorithm optimization, 

facilitating efficient ground-state searches and thermodynamic simulations [18]. 

Combining first-principles density functional theory (DFT) with cluster expansion, we 

map the phase stability of Ta-doped tetragonal LLZO. A genetic algorithm-based ground-

state search reveals novel, thermodynamically stable compositions that exhibit superior ionic 

conductivity. Complementary Monte Carlo simulations under canonical ensemble conditions 

provide insights into the temperature-dependent behaviour of these doped phases, offering a 

comprehensive understanding of their thermodynamic stability and potential for practical 

applications. 

2 Methodology 

The configurational thermodynamics of tetragonal LLZO (t-LLZO) were investigated using 

a Cluster Expansion (CE) approach, as implemented in the MedeA-Universal Cluster 

Expansion (UNCLE) package [16]. Starting from the geometrically optimized t-LLZO 

crystal structure, we used UNCLE to automatically generate and converge a CE Hamiltonian. 

This method systematically identifies the unique clusters from pairs to multi-body 

interactions—that are essential for describing the energy of configurations within the random 

mixing regime. A set of effective cluster interactions (ECIs) is extracted from a cluster 

expansion that has been optimized via fitting to first-principles data and regularization to 

prevent overfitting and is subsequently used in large-scale Monte Carlo simulations to predict 

thermodynamic properties. We employed a multi-scale computational approach to 

investigate the stability and properties of Ta-doped LLZO. First, Monte Carlo (MC) 

simulations were performed using the UNCLE package to sample configurations across 

different temperatures and concentrations. These simulations utilized a 5×5×5 supercell 

(∼11,000 atoms) within the canonical (NVT) ensemble. Subsequently, the most stable 

configurations identified from the MC sampling were selected for ab initio density functional 

theory (DFT) calculations. These calculations were executed within the MedeA software 

environment [17] using the VASP code. The electron-ion interaction was described by 

projector-augmented wave (PAW) potentials [18], and the exchange-correlation functional 

was treated with the Perdew-Burke-Ernzerhof (PBE) generalized-gradient approximation 

(GGA). A plane-wave kinetic energy cutoff of 500 eV and a 5×5×1 Monkhorst-Pack k-point 

mesh were used for the structural optimization of the Li5La3Zr2-xTaxO12 supercells. Fermi-

surface smearing was applied with the first Methfessel-Paxton method and a width of 0.2 eV 
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to accelerate convergence. The electronic self-consistent field cycle was converged to 10⁻⁵ 

eV, and ionic relaxation was considered complete when the forces on all atoms were below 

0.01 eV/Å using a conjugate-gradient algorithm. 

3 Results and discussion 

The structural exploration of t-LLZO was performed using the MedeA-Universal Cluster 

Expansion (UNCLE) package [16], which enables automated construction and convergence 

of cluster expansions for complex systems. Starting from geometrically optimized t-LLZO 

structures, the package identified unique clusters within the random mixing regime and 

extracted a set of effective cluster interactions. These parameters were subsequently 

employed in large-scale Monte Carlo simulations using a 5×5×5 supercell (11,000 atoms) 

under canonical ensemble conditions across various temperatures and concentrations. This 

section presents a detailed analysis of: (1) the phase stability diagram derived from cluster 

expansion, (2) temperature-dependent Monte Carlo simulation profiles, and (3) the 

convergence behaviour of the ground-state search as characterized by cross-validation scores 

(CVS) and iteration analysis. Together, these results provide fundamental insights into the 

thermodynamic stability and temperature-dependent behaviour of the generated Ta-doped t-

LLZO structures. 

3.1 Phase stability diagram  

Using a 1-unit cell model, we conducted a search for novel thermodynamically stable phases, 

which simplified both the CE ground-state search and DFT energy calculations by reducing 

the complexity inherent to the atomic arrangement in the LLZO garnet structure. Effective 

cluster interactions were determined through a genetic algorithm (GA) fitting scheme, 

implemented over a maximum of 23 iterations. The algorithm began with an initial training 

set of 20 structures and added up to 9 new structures per iteration, continuing until 

convergence was achieved (i.e., no further structures were predicted by the CE). As 

illustrated in Figure 1, panel (a) tracks the number of newly generated structures per iteration, 

while panel (b) monitors the corresponding cross-validation scores, serving to evaluate both 

the structural discovery rate and the accuracy of DFT energy predictions for the generated 

configurations. 

      The ground-state search was initiated using parent structures Li5La3Zr2O12 and 

Li5La3Ta2O12 (Iteration 0), followed by 20 randomly selected structures generated via the 

UNCLE code’s genetic algorithm (Iteration 1). The optimal set of structures and their 

interaction parameters were iteratively refined using energies from the training set (Iterations 

1–22). Convergence was achieved at Iteration 23, where zero new structures were generated 

(Figure 1a), confirming both the completion of the CE search and the accuracy of DFT energy 

evaluations. Cross-validation (CV) analysis assessed the reliability of the structures, with the 

CV score (CVS) serving as a metric for predictive accuracy. Initial iterations (1–9) yielded a 

stable CVS of 0.45 meV/atom, followed by fluctuations (peak: 0.48 meV/atom at Iteration 

11; minimum: 0.18 meV/atom at Iteration 12). Beyond Iteration 12, the CVS remained below 

0.46 meV/atom (Figure 1b), demonstrating improved DFT accuracy and robust 

generalization. All structures exhibited CVS values <5 meV/atom well within the threshold 

for reliable predictions, eliminating the need for standard deviation analysis and ensuring 

practical applicability without Monte Carlo sampling errors. 
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Fig. 1. Caption of the Figure 1. B (a) New ground-state structures versus the number of iterations, (b) 

cross-validation score versus number iterations. 

Figure 2 shows the entropy of formation versus Ta concentration from cluster expansion 

(CE) calculations, along with the binary thermodynamic stability diagram (convex hull) that 

summarizes the stability of newly favourable phases. The diagram displays CE-predicted 

(green crosses) and DFT-calculated (green squares) enthalpies of formation for training set 

structures, along with CE-predicted enthalpies for other considered structures (grey crosses). 

The CE produced 28 new phases with varying Ta concentrations and symmetries, including 

the parent phases Li5La3Zr2O12 (x=0) and Li5La3Ta2O12 (x=1) on the solid black line. The 

ground-state line (red solid line) comprises structures with negative formation enthalpies, 

confirming their thermodynamic stability, while structures with positive enthalpies require 

external stabilization. Five particularly stable phases lie on this line: Li5La3ZrTaO12 (P1̅), 

Li5La3Zr0.5Ta1.5O12 (C2/c), Li5La3Zr1.5Ta0.5O12 (P1̅), Li5La3Zr1.75Ta0.25O12 (P1̅), and 

Li5La3Zr0.25Ta1.75O12 (P1̅), demonstrating that Zr-site Ta doping yields energetically 

favourable configurations for solid electrolyte applications. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Fig. 2. Formation enthalpy (ΔHf) vs. Ta content (x) in Li5La3Zr2-xTaxO12. Red line: DFT ground 

states; green: CE predictions. 
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3.2 Phase stability and critical temperature analysis via Monte Carlo 

simulation 

To evaluate the phase stability of the Li5La3Zr2-xTaxO12 compounds, we employed large-scale 

Monte Carlo (MC) simulations based on a converged cluster expansion (CE). This approach 

leverages a set of effective cluster interactions to stochastically explore system 

configurations, sampling states with probabilities that reflect their true physical likelihood. 

The simulations were conducted within the canonical ensemble to explicitly study the phase 

separation behaviour as a function of temperature. Using a 5x5x5 supercell containing 11,000 

atoms, we performed simulations from an initial temperature of 200 K up to a final 

temperature of 3000 K. Each simulation ran for a minimum of 300,000 steps to ensure proper 

sampling, with an energy convergence criterion set to 0.0001 Å. The concentration for each 

simulation was fixed to that of the most stable structures identified by the CE, allowing us to 

analyse the temperature-dependent behaviour at specific compositions. The resulting Monte 

Carlo temperature profiles are shown in Figures 3.1(a) and 3.2(b-c) for different Zr/Ta 

concentrations: (a) Zr0.5Ta0.5: Corresponding to the stable structure Li5La3ZrTaO12 (P1̅), (b) 

Zr0.25Ta0.75: Corresponding to Li5La3Zr0.5Ta1.5O12 (C2/c), (c) Zr0.125Ta0.875: Corresponding to 

Li5La3Zr0.25Ta1.75O12 (P1̅). Analysis of these profiles reveals the critical temperature (Tc) at 

which atomic mixing occurs. For the Zr0.5Ta0.5 and Zr0.125Ta0.875compositions, this mixing 

transition occurs at approximately 800 K, accompanied by small energy differences of 0.9 

eV/atom and 0.45 eV/atom, respectively. The identical Tc for these two compositions is 

attributed to their shared P1̅ symmetry and similar atomic arrangements. The Zr0.25Ta0.75 

composition mixes at a higher temperature of ~1000 K, with an energy difference of 0.61 

eV/atom. A clear trend emerges where the energy difference decreases with increasing Ta 

concentration. This is consistent with the higher melting point of tantalum compared to 

zirconium, which suggests stronger inherent bond strength and greater thermal stability. 

Consequently, structures with higher tantalum content are predicted to maintain stability and 

operate effectively at elevated temperatures. The propensity for Zr and Ta to mix well is 

likely due to their similar chemical properties, including high melting points and corrosion 

resistance, which promote strong intermolecular interactions and solid solution formation. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.1. Temperature-dependent energy profile for various Ta concentrations. The system with the 

lowest energy (most stable) is Li5La3ZrTaO12 (space group P1). 
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Fig. 3.2. Profiles are shown for (a) the most stable configuration, Li₅La₃ZrTaO₁₂ (P1); (b) a 
moderately Ta-doped system, Li₅La₃Zr₀.₅Ta₁.₅O₁₂ (C2/c); and (c) a moderately Zr-rich system, 

Li₅La₃Zr₁.₅Ta₀.₅O₁₂ (C2/c). The simulations track the evolution of free energy with temperature for 

each composition. 

 

 

 

 

 

 

 

 

 

 

Fig. 3.3. Profiles are shown for (d) a highly Ta-rich composition, Li₅La₃Zr₀.₂₅Ta₁.₇₅O₁₂ (P1), and (e) a 

Zr-rich composition, Li₅La₃Zr₁.₇₅Ta₀.₂₅O₁₂ (P1). The data illustrate the thermodynamic stability of 

these endpoint-doped structures as a function of temperature. 

4 Conclusion 

In this work, first-principles cluster expansion (CE) calculations were employed to explore 

new phases of Ta-doped t-LLZO. The ground-state search revealed 28 thermodynamically 

stable multicomponent structures with negative enthalpies of formation, five of which were 

identified as the most stable, lying directly on the ground-state line. All generated structures 

exhibit a cross-validation score (CVS) below 5 meV, confirming the accuracy of the CE 

energy predictions and suggesting their practical applicability. Monte Carlo (MC) 

simulations further demonstrated excellent mixing behaviour at specific Ta doping 

concentrations (Zr0.5Ta0.5, Zr0.25Ta0.75 and Zr0.125Ta0.875) and temperatures (800 K, 1000 K, 

and 800 K, respectively). The systems showed no phase separation, with minimal energy 

differences (0.9 eV/atom, 0.61 eV/atom, and 0.45 eV/atom), indicating a homogeneous 

distribution of Ta in the LLZO matrix. These findings provide fundamental insights into the 
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phase stability of Ta-doped t-LLZO, supporting Zr-site doping as an effective strategy for 

optimizing LLZO-based solid-state electrolytes. This study lays the groundwork for future 

investigations into Li⁺ diffusion kinetics and high-temperature ion mobility in these 

materials. 
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